A Remark on Uniformly Distributed Sequences and Riemann Integrability  by de Bruijn, N.G. & Post, K.A.
MATHEMATICS 
A REMARK ON UNIFORMLY DISTRIBUTED SEQUENCES. 
AND RIEMANN INTEGRABILITY 
BY 
N. G. DE BRUIJN AND K. A. POST 
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A sequence {xn}:~ 1 of real numbers on the unit interval ]0, 1] is called 
uniformly distributed (u.d.) if for all a, b (O.;;;a<b.;;;1) we have (XJa,bJ 
denoting the characteristic function of ]a, b ]) 
N 
(1) lim N-1 ~ Xla,b] (xn)=b-a. 
N-+oo n~l 
This notion was introduced by H. WEYL (see [2]), who also showed the 
following: 
If I is a Riemann integrable real function on ]0, 1] and if {xn}:~ 1 is u.d., 
then we have 
N 1 
(2) lim ~ l(xn) = J l(x)dx. 
N-+oo n~l 0 
As a converse we shall show the following: 
Theorem. If the real function I is not Riemann integrable on ]0, 1) 
then we can select a sequence {xn}:~ 1 on that interval which is u.d. and 
for which 
N 
(3) N-1 ~ l(xn) 
n~l 
has no limit as N __.,.. oo. 
Proof. First we assume that I is unbounded on )0, 1). We take any 
arbitrary u.d. sequence {yn}:~l' and we take Xn=Yn for all n that do not 
have the form 2m. On the other hand, if n =2m we take an Xn such that 
ll(xn)l>22m(m=1, 2, ... ).Obviously, (3) has no limit in this case, whereas 
{xn}:_1 is still u.d. 
Next we assume that I is bounded but not Riemann integrable. We put 
T(x) =lim sup l(y) -lim inf l(y), 
both x andy in )0, 1). The set of all x with O<x< 1, T(x)>O has positive 
outer Lebesgue measure (cf. [1), p. 174). Hence there exist positive 
150 
numbers p and q such that the set of x with 0<x<;1, q;(x)>p has outer 
measure > q. 
Define the integers u1, u2, ... as follows. If m is a positive integer, 
and if 4m-1,;;;n<4m then Un = n (mod 2m), 0<un,;;;2m. Moreover we put 
Yn=Un/2m(4m-1,;;;n<4m; m= 1, 2, ... ). It is not hard to show that {Yn}:'=t 
is u.d. 
Let m be any positive integer. At least [2mq] of the intervals ](j -1)2-m, 
j2-m[(O<j,;;;2m) contain a point x with q;(x)>p. In each one of these 
intervals we have a pair of points x', x" with (-1)m(f(x')-f(x"))>p. 
We use these x', x" for the construction of <, X: (4m-1,;;;n<4m). If 
]yn-2-m, Yn[ is not one of the above-mentioned intervals, we take 
x~=X~=yn; otherwise we take<, x~ in ]yn-2-m, Yn[ such that 
The sequences {x~}:'=l' {x:};: 1 are both u.d. On the other hand 
N 
and N-1 L f(X:) 
n=l 
do not both have a limit as N--+ oo, since the difference of the two 
expressions has no limit. For if it would, then 
(4) ( 4m _ 4m-1 )-1 L (f(<)- f(x:)) 
4m-l~n<4m 
would have a limit as m--+ oo. However, this expression (4) is > [2mq]2-mp 
if m is even, <- [2mq]2-mp if m is odd. Hence (4) does not have a limit. 
Summary 
It is a well-known fact that if f is a Riemann integrable function on the unit 
interval, and if Xt, x2, ••• is a uniformly distributed sequence on that interval, 
N 1 
then lim I /(xi) exists (and equals J f(x)dx). It is shown here that the 
N--->09 i=l 0 
following converse holds: if the limit exists for every uniformly distributed sequence, 
then f is Riemann integrable. 
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